A generalization of the Ginzburg-Landau theory to p-wave superconductors 
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"DOUBLING" THE GINZBURG-LANDAU 
THEORY 

In early works based on the mean-field "maeroscopic" 
approaeh [l[ superfluidity is described in terms of a sin- 
gle order parameter (j)i = y^c*^. Subsequently Ziman 
[2] considered besides the phonon propagation also the 
roton motion by introducing, in addition to the usual 
couple of fields p and 9, other two real fields, x and ip, 
entering the Clebsh term of the most general expansion 
of a generic velocity field: v = V6' -I- xV?/' • Corre- 
spondingly, besides the usual complex quantum field 4>i, 
Ziman introduced a second complex quantum field ac- 
counting for rotational motions, 02 = (ipa + iipb) /'^fi^ 
where the real and imaginary parts are linked to x a-nd ip 
as follows: ipa = ^flpxip , V'f' = V^PX ■ Hence the cur- 
rent density can be re-written as a sum of a irrotational 
(superfluid) part and of a non-potential (non-superfiuid) 

part j ^pv^ p{Ve + xV4') = ^h{(f>lV<Pi - <PiV(f>l) + 
1 

— ^(02 </'2 V02). Finally the complete Hamiltonian, 

entailing also roton kinetic energy and phonon-roton in- 
teraction terms, can be written straightforwardly as the 

sum of the total kinetic energy and of a suitable pressure 

rP 

potential TC = \pv^ ^ P 1 2 — '^P ' Therefore two 

J Pa P 

independent complex order parameters are needed for 
a complete picture of the superfluid dynamics and the 
original Landau irrotational mean-fleld theory must be 
"doubled" in order to describe the rotational degrees of 
freedom. Ginzburg and Landau [1] started from the anal- 
ogy with '^He superfluid to derive their superconductivity 
theory based on the existence of an underlying mean field 
(j) in the bulk of a superconducting medium which can be 
interpreted as the wave- function of the Cooper pair in its 



center-of-mass frame. At the same time, in a quantum 
field framework, the order parameter can be conceived 
as a self-interacting Higgs field which undergoes conden- 
sation for U(l) symmetry breaking when the tempera- 
ture approaches a critical temperature. The Ginzburg- 
Landau (GL) theory was built up simply taking into ac- 
count the electric and magnetic properties of the Cooper 
pairs already discovered in the theoretical framework of 
the fermionic superfluidity. If, by analogy with the Zi- 
man approach, we introduce a second order parameter in 
GL superconductivity theory, we, of course, will not de- 
scribe rotons but actually two different superconducting 
systems: spin-singlet two-phase superconductors or, as 
we shall show in the next section, spin-triplet one-phase 
superconductors. 

As regards the former, in recent works 0,0,0] we con- 
sidered two scalar charged flelds 0w and 4>s correspond- 
ing to Cooper pairs with electrons bound by a weaker 
or stronger attractive force, respectively. In so doing 
we obtained a theoretical model for superconductors en- 
dowed with two distinct superconducting phases, since 
the two order parameters condensate at different criti- 
cal temperatures In 0] we found some deviations 
in basic thermodynamical quantities with respect to the 
Ginzburg-Landau one-phase superconductors. In partic- 
ular, in contrast to the usual case where only one jump 
in specific heat takes place at the normal-superconductor 
transition temperature, we actually predicted an addi- 
tional discontinuity for Cy when passing from a super- 
conducting phase to the other one. Furthermore ^on an- 
alyzing the magnetic behavior of such systems [6| , we 
found some observable differences with respect to the 
case of conventional Ginzburg-Landau superconductors. 
In particular, at low temperature the London penetra- 
tion length is strongly reduced and the Ginzburg-Landau 
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parameter k becomes a function of temperature. By con- 
trast, in the temperature region between the two phase 
transitions, n is constant and the system is a type-I or a 
type-II superconductor depending on the ratio between 
the critical temperatures. A thermodynamical and mag- 
netic behavior quahtatively similar to the one predicted 
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by our model has been recently observed in MgB2 
(see, for example and Refs. therein). 

By introducing two mutually interacting order parame- 
ters, in the present letter we will not describe two-phases 
superconductors but actually spinning Cooper pairs and 
rotational degrees of freedom in superconductivity. In 
Bardcen, Cooper, and SchricfFcr (BCS) theory for con- 
ventional superconductors the electrons arc paired in a 
zero total angular momentum state, with zero spin and 
zero orbital angular momentum: J = L = S Q. As 
a matter of fact, in BCS superconductors the s-wave is 
shown to be the minimum energy state with maximum 
attraction between the electrons of a Cooper pair. In- 
deed, soon after the BCS theory was advanced, Kohn 
and Luttinger predicted that if the mutual interac- 
tion is repulsive in all partial wave channels the Cooper 
pairs result to be bonded by a weak residual attraction 
(out of the Coulomb repulsion) in higher angular mo- 
mentum channels: the so-called Kohn- Luttinger effect. 
On the other hand it actually exists a p-wavc Cooper- 
pairing in superfluid ^He (which is, as abovesaid, the liq- 
uid counterpart of GL superconductors). Actually, we 
can meet p-wave superconductivity in certain "heavy- 
electron" compounds {Heavy Fermion Systems as, e.g., 
UPta) and in special materials recently discovered as, 
e.g., Sr2Ru04 |10| . which is the only known metal oxide 
displaying p-wave superconductivity. Let us recall that 
the p-wave Cooper pairs arc always spin-triplets {S—1) 
because of Pauli's exclusion principle applied to systems 
composed of a pair of particles endowed with odd (i=l) 
total orbital quantum number. Taking into account this 
property, in the next section we shall put forward a sim- 
ple GL-like model just for spin-triplet superconductors. 



(with Ffj^i, = dfj,Ai, — d^Afj_) accounts for the kinetic en- 
ergy of the free electromagnetic field Af^. The com- 
plete potential term describing the interaction of the 
two scalar fields is composed of three different terms, 
V = V^A + Vse\f + V{(j)i,(j)2), the first two of them de- 
scribing the usual interaction between the electromag- 
netic field and the charged scalar field (coming from the 
covariant derivative), and Vsdf rules the self interaction 
of the scalar fields: V^eif = A|</)i|^ -I- fi\(j>2\'^- For the in- 
teraction between the two scalar fields we instead adopt 
the following nonlinear term: 



y(0i,02)^-^ln^ 
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(2) 



Let us study the small fluctuations of the two scalar 
fields around the minimum of the energy corresponding 
to 4>i ~ 4>2 = </'o/\/2 by expanding both scalar fields as 
follows: 



(3) 
(4) 



where rji, 772, Oi, O2 are real fields. Exploiting these defi- 
nitions, the above interaction term can be written more 
simply as follows 



v{^u^2) = ^{e,-e2f. 



(5) 



Notice that y((/)i,02) is definite-positive, then describ- 
ing a repulsion between the two fields with strength A0q 
equal to the mass squared (see below). Note also 
that V{(t>i,(f>2) corresponds to the main term of the ex- 
pansion for small phase differences of the Legget interac- 
tion [iH -t{4>\dp2 + (t>i4>\). 

By inserting Eqs. (|3l4p into the Lagrangian density ([T|) 
and performing the gauge transformation: A^j_ A^ + 
d^K with: 



THE MODEL 

Let us consider a physical system described by one 
doublet of complex scalar fields 02- Wc introduce the 
following Lagrangian density: 

+ {D,<^2nD'^<i^2)~mi?-\'t^if + 

- K\<P2? -\'Pl? + V{cl,,,cj,2) (1) 

where the covariant derivative Z)^ = 9^ + ieA^^ de- 
scribes the minimal electromagnetic interaction of the 
two scalar fields, while the first term in the Lagrangian 



A = 



2e0o 



(6) 



we obtain the following Lagrangian up to quadratic terms 
in the fields: 



C 



Let us set: 
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i^^.F^'' + e'<j>iA^A>^ 



1 



5^(01 -02)a^(f?i 



V3 



(7) 



(8) 
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and define the triplet field: Wa = (?7i, ?72, ?73)- The La- 
grangian describing our physical system now becomes: 



^{df,Wa){d^'Wa) + m^^WaWa (9) 



with 



(10) 



As a result, of the original four degrees of freedom embed- 
ded into two charged (complex) scalar fields, only one of 
them is disappeared giving rise to a massive photon, as in 
the standard GL model. However, by virtue of the inter- 
action potential in Eq. Q , the remaining three degrees 
of freedom all have the same mass, and can thus be com- 
bined to form a triplet field W (i.e. a triplet spinorial 
representation of SU(2)), suitable to describe a p-wave 
superconductor. We stress that, notwithstanding the si- 
multaneous condensation of two real degrees of freedom, 
the key point in our model is the particular interaction 
term we have introduced, which prevents a gauge trans- 
formation to re-absorb one more degree of freedom (only 
the sum of the phases turns out to be " eaten" , but not 
even the difference). Such a very peculiar interaction 
breaks the isotropy of the original medium and allows 
pairs of electrons to arrange into possible S = 1 (in- 
stead of 5* = 0) Cooper pairs. As a matter of fact, the 
emergence of a triplet field is a signal of the occurred 
"anisotropization" of the system, which can no more be 
described by a singlet scalar field. 



value given by 



(13) 



Below Tc the expectation values of the scalar fields (f>i 
and (f>2 which minimize the free energy function results 
to be 



\MT)\ = \MT)\^ \ - 



a{T) 



2A 



(14) 



while the third degree of freedom defined in Eq. ([8]) fluc- 
tuates around the zero expectation value, corresponding 
to 9i =02- This last occurrence directly comes from the 
fact that the non-linear characteristic potential term in 
Eq. (21) is non-negative definite, so that the minimum of 
the free energy is reached when it vanishes. In this case, 
our model practically reduces to a "simple" doubling of 
the standard GL theory making recourse to two scalar 
order parameters. As a consequence, it is very easy to 
re-obtain the usual main properties for p-wave supercon- 
ductors considered here. 

The London penetration length of the magnetic field 
inside the superconductor arises due to the presence of a 
massive photon, that is: 



1 

rriA 



1 

600 



(15) 



while the coherence length of the Cooper pairs described 
by the triplet scalar field is given by: 



APPLICATION TO TRIPLET 
SUPERCONDUCTORS 

The order parameter describing p-wave superconduc- 
tors may be associated in our model to the above triplet 
Higgs field Wa which is responsible of the U(l) sponta- 
neous symmetry breaking occurring during the normal 
state-superconducting-phase transition. Therefore, from 
the Lagrangian ([T|). the effective free energy density at 
finite temperature T, resulting from the quantum fields 
calculation, including one one-loop radiative corrections 
13, [3, is giving by 



FiT) = F„(T)-f a(r)|0i|2 + a(r)|(/)2|^ 



where 



A|0i 



a{T) 



A|02r -)-a(T)^ 



4>i 4>2 



(11) 



(12) 



label n referring to the normal phase. The parameter 
a vanishes when the temperature approaches a critical 



1 



1 



Co 



mw 



'1- 



2^2 



(16) 



The critical magnetic field He, measuring the condensa- 
tion energy F{T) — Fn{T) ~ of the supercon- 
ductor system can be obtained as follows: 



H. 



2_ 1 «'(^) 

Mo A 



T2 

Hco ( 1 - ^ 



(17) 



By taking the derivative of the free energy function with 
respect to temperature, we easily get the entropy gain 
with respect to the normal phase: 



(18) 



Finally, we can write down the expected discontinuity of 
the specific heat at the critical point: 



AC.=TA,(^-5„) = ^o(l-3g) |. 



(19) 
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CONCLUSIONS 

We have extended the standard GL theory in order to 
describe p-wave superconductors by means of two mu- 
tually interacting order parameters which condensate si- 
multaneously at a same critical temperature (since the 
X(f)'^ self-interaction is the same for both fields). After the 
condensation via Higgs mechanism, we remain with three 
massive degrees of freedom (besides a massive photon re- 
lated to the Meissner-effect) which can be put in corre- 
spondence to the three components of a 5* = 1 triplet 
mean-field describing spinning p-wave Cooper pairs. In 
our model the main magnetic and thermodynamical (dis- 
continuity in the specific heat included) properties of p- 
wave superconductors turn out to be essentially the same 
as for conventional s-wave superconductors. 
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